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Direct numerical simulations of unstably stratified 
turbulent channel flow have been performed in order 
to investigate the Reynolds number effect on mixed 
convection. Six different cases are considered with 
friction Reynolds number Re𝜏 = 180 and 395 and 
friction Richardson number Ri𝜏  =  0, 10
2 and 103. It 
is shown that both friction coefficient and Nusselt 
number increase under unstable stratification for a 
sufficiently large Richardson number. At low 
Richardson number, the friction coefficient can either 
increase or decrease depending on the Reynolds 
number. The drag reduction is associated with an 
increase of mean velocity due to an enhanced 
dissipation of Reynolds shear stress by pressure strain 
in the buffer region. The breakdown of the Reynolds 
analogy is demonstrated as the turbulent Prandtl 
number exhibits a non-constant behavior due to 
buoyancy. 
NOMENCLATURE 
Only uncommon symbols are defined in this section. 
Please refer to [1] for symbol definitions not reported 
hereafter. 
 
(   )+  normalization by 𝜈, and 𝑢𝜏 or 𝑇𝜏  
(   )̅̅ ̅̅̅ average over 𝑥, 𝑧 directions and time  
 
𝛿  channel half height 
𝜏𝑤 mean wall shear stress 𝜇(𝜕?̅?/𝜕𝑦)𝑤 
𝑢𝜏  friction velocity √𝜏𝑤/𝜌 
𝑈𝑏  bulk velocity  
Re𝜏  friction Reynolds number 𝑢𝜏𝛿/𝜈 
Re𝑏  bulk Reynolds number 𝑈𝑏2𝛿/𝜈 
𝐶𝑓  friction coefficient 𝜏𝑤/(1/2𝜌𝑈𝑏
2)  
𝑇ℎ , 𝑇𝑐  hot and cold wall temperatures 
Gr  Grashof number 𝑔𝛽(𝑇ℎ − 𝑇𝑐)(2𝛿)
3/𝜈2 
Ri𝑏  bulk Richardson number Gr/(Re𝑏)
2 
Ri𝜏  friction Richardson number Gr/(Re𝜏)
2 
𝑞𝑤  mean wall heat flux 𝑘(𝜕?̅?/𝜕𝑦)𝑤 
𝑇𝜏  friction temperature 𝑞𝑤/𝜌𝑐𝑝𝑢𝜏 
Nu  Nusselt number 2𝛿𝑞𝑤/𝑘(𝑇ℎ − 𝑇𝑐) 
 
INTRODUCTION 
Understanding and predicting convective heat 
transfer in wall-bounded turbulent flows is of major 
importance in many engineering and geophysical 
flows. In some circumstances, convective heat 
transfer occurs under thermal stratification. For 
instance, the pressure-driven flow within a channel 
can be subject to buoyancy effects because of a 
temperature differential applied between top and 
bottom walls. In this situation, convective heat 
transfer and near-wall turbulence can be drastically 
affected by buoyancy where the flow dynamics 
results from a balance between buoyant, inertial and 
viscous effects. When the fluid is heated at the 
bottom wall and/or cooled at the top wall, the 
thermal stratification is unstable. Under this type of 
stratification, a large-scale vertical convective 
motion takes place within the channel. This 
convective motion is induced by hot and cold fluid 
eruptions from the walls and tends to organize the 
flow as longitudinal rolls. Domaradzki and Metcalfe 
[2] have shown through direct numerical simulations 
(DNS) that, depending on the Grashof number, the 
turbulent heat transfer can either be increased or 
decreased. For their lower Grashof number case 
(Gr < 5 ⋅ 104), longitudinal rolls are well organized 
and the heat is efficiently transported. However, an 
increase of buoyant effects leads to a less organized 
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flow and thus, a less efficient heat transfer. 
Furthermore, Iida and Kasagi [3] have performed 
DNS of unstably stratified turbulent channel flow at 
larger Grashof number (9 ⋅ 105 < Gr < 4.8 ⋅ 106). 
They have shown that, for this range of Grashof 
numbers, the convective heat transfer efficiency 
monotonically increases as the Grashof number 
increases. In order to understand how buoyancy 
affects the flow dynamics, different studies have also 
investigated the effects of buoyancy on the near-wall 
turbulence in mixed convection configurations. In a 
non-buoyant flow, turbulence is sustained through an 
autonomous regeneration cycle [4] which is (i) 
confined to the near-wall regions and (ii) involves 
interactions between low- and high-speed streaks, 
quasi-streamwise vortices, and the mean shear. Under 
unstable stratification, the near-wall turbulence cycle 
is highly affected by the presence of the large scale 
convective rolls induced by thermal plumes. More 
precisely, the large-scale convective motion tends to 
confine low-speed streaks and quasi-streamwise 
vortices in regions where thermal plumes are 
generated at the wall [3]. Moreover, the ejections of 
low-speed streaks, associated with thermal plumes 
generation, are intensified by buoyancy-driven 
instabilities [6-7]. Besides that, the turbulent kinetic 
energy exchanges between the different flow regions 
are increased as the transport mechanisms are 
enhanced by natural convection [2, 5-6]. In addition, 
it has been shown that the quasi-streamwise vortices 
are weakened by the large-scale motion and the 
thermal plumes become the main contributor to 
Reynolds shear stress and turbulent heat flux 
generation [8-9]. Although flow dynamics of mixed 
convection has been subject to several valuable 
investigations, some important aspects have not been 
extensively explored. In particular, most of the 
studies mentioned above feature low Reynolds 
number turbulence (Re𝜏 ≤ 150). However, the 
dynamics at Re𝜏 = 150 is impacted by low-Reynolds 
number effects [10]. One of such effect is the relative 
absence of log-region in the mean velocity profile for 
non-buoyant flows. Yet many turbulence modeling 
strategies implicitly or explicitly assume the 
existence of log-law, for example in the derivation of 
wall models. Another common hypothesis is the 
Boussinesq eddy viscosity assumption where the 
Reynolds shear stress is reduced to the product of an 
eddy viscosity with the local mean strain rate. When 
adequate, this approximation is only found acceptable 
in the log-region of the mean velocity profile. The 
widespread use of the eddy viscosity in turbulence 
modeling of mixed and forced convection flows 
motivates the present investigation through higher 
Reynolds number direct numerical simulations. The 
outcome is an a-priori investigation of the 
Boussinesq eddy viscosity assumption for the 
Reynolds shear stress and the gradient diffusion 
model for the turbulent heat flux in pressure-driven 
channel flow subjected to buoyancy effects. 
 
NUMERICAL METHOD 
The physical system is modeled using the 
incompressible Navier-Stokes equations coupled 
with an advection-diffusion equation for the 
temperature. The coupling between temperature and 
































where 𝑒𝑦 is the vertical component of the unit 
vector. A schematic of the simulation setup is shown 
in Fig. 1. The transport equations are solved over a 
computational domain of 4𝜋𝛿 × 2𝛿 × 2𝜋𝛿. The 
flow is driven by a mean pressure gradient along the 
streamwise direction that ensures a constant mass 
flow rate. Periodic boundary conditions are imposed 
in the streamwise (𝑥) and spanwise (𝑧) directions, 
whereas no-slip and isothermal conditions are 
imposed at the walls. The hot and cold temperatures 
are respectively associated to the bottom and top 





Schematic of the simulation setup. 
 
The equations are advanced in time using a semi-
implicit Crank-Nicolson scheme. The spatial 
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discretization is performed using a conservative finite 
difference scheme on a staggered grid [11]. The flow 
conditions considered are listed in Tab. 1. The mesh 
resolution is 512 × 192 × 256 for both Reynolds 
numbers.  Comparing this resolution with the viscous 
scale developed by the higher Reynolds number flow 
shows that the grid is fine enough to resolve the 
smallest scales as Δ𝑥+ × Δ𝑦+ × Δ𝑧+ = 9 × 0.61 −
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RESULTS AND DISCUSSION 
Macroscopic quantities: The friction coefficient 
and Nusselt number are reported in table 2 for the 
different flow conditions. Their relative changes 
compared to the respective passive case are shown in 
parentheses. 
Table 2 
Friction coefficient and Nusselt number. Values in 
parentheses are the relative changes compared to the 
respective passive case. 
 
Ri𝜏  𝐶f Nu 
 Re𝜏 = 180   Re𝜏 = 395 Re𝜏 = 180   Re𝜏 = 395 
0 0.0080            0.0065 14.6               29.4 
102 
 
0.0078            0.0074 
(−2.5%)       (+13%) 
19.7               45.8 
(+35%)        (+56%) 
103 
 
0.0114           0.0091 
(+43%)       (+40%) 
34.0               63.3 
(+132%)       (+116%) 
 
For almost all the flow conditions, both friction 
coefficient and Nusselt number increase with growing 
buoyant effects. The only exception is case A180 for 
which the friction coefficient is slightly lower than in 
the passive case. A similar non-monotonic behavior 
has been observed by Iida and Kasagi [3] at lower 
Reynolds and Richardson numbers (Re𝜏 =
150, Ri𝜏 = 40). As a general trend, the increase in 
turbulent heat transfer (Nu) is more significant than 
the one associated with the wall shear stress (𝐶f). In 
spite of our limited parameter matrix, the low-
Reynolds number effects appears to be greater on 
relative modification of friction coefficient and 
Nusselt number at lower Richardson numbers. 
 
Mean velocity and temperature profiles: Fig. 
2 shows a semi logarithmic plot of the normalized 
mean velocity as a function of the normalized wall 
distance for the different flow conditions. The linear 
viscous law and the law of the wall are shown as 
references. The mean velocity profiles (normalized 
by the friction velocity 𝑢𝜏) corresponding to cases 
where the drag increases are shifted downward in all 
flow regions. For case A180, the mean velocity 
profile is shifted upward over a large flow region. 
This dramatic change in the shape of the mean 
velocity profile is associated with the drag decrease 
reported in the previous section. The mean velocity 
profile confirm our earlier speculation based on the  
friction coefficient and Nusselt number that the 
highest Richardson number is not very sensitive to 
low Reynolds number effects whereas the lowest 





Mean velocity profile. P180 (      ), A180 (      ),  
B180 (      ), P395 (      ), A395 (      ), B395 (      ), 
?̅?+ = 𝑦+ (      ), ?̅?+ = 1/0.41 ⋅ log(𝑦+) + 5.2 (      ) 
 
Mean temperature profiles are presented in Fig. 3. 
The profiles correspond to the difference between 
the wall and the mean temperatures normalized by 
the friction temperature. The mean temperature is 
clearly a function of both Richardson and Reynolds 
numbers as it is still sensitive to low Reynolds 
number effects even at high Richardson number. 
Moreover, one can see that the temperature profile 
exhibits an inflection point close to the centerline 
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which leads to negative temperature gradients in the 





Mean temperature profile.  
Same colour labels as in Fig. 2.  
 (𝑇ℎ − ?̅?)/𝑇𝜏 = 1/0.32 log 𝑦
+ + 3.3 (      ) 
 
Reynolds shear stress and turbulent heat flux 
distributions: Important changes are also observed 
for the Reynolds shear stress and the turbulent heat 
flux. The Reynolds shear stress distribution is shown 
in Fig. 4. For almost all the cases, the momentum 
transport by turbulence is enhanced by buoyancy as 
the Reynolds shear stress increases in all regions. The 
exception is case A180 for which the Reynolds shear 
stress locally decreases in the buffer layer compared 
to the respective passive case. As we move further 
from the wall, the Reynolds shear stress becomes 
larger than the one associated with the passive case 
but decreases faster such that it finally becomes 
smaller in the channel center region. The local 
decrease of Reynolds shear stress is associated with 
the local increase of mean velocity as the Reynolds 
shear stress is the turbulent transport mechanism of 
momentum. Although the ratio between buoyancy 
and inertia effects (Richardson number) is constant, 
buoyancy modifies the turbulence properties of the 
flow in a different manner depending on the Reynolds 
number. The turbulent heat flux distribution 
illustrated in Fig. 5 also supports this statement as 
different behaviors are observed depending on the 
Reynolds number considered. The transport of heat 
by turbulence increases in all regions as buoyancy 
effects increase, except for case A180 for which the 
turbulent heat flux is lower than for the passive case 
in the buffer layer. Therefore, depending on the 
Reynolds number, the turbulent transport of 
momentum and heat can either locally increase or 





Reynolds shear stress.  





Turbulent heat flux.  
Same colour labels as in Fig. 2. 
 
Reynolds analogy and similarity between 
heat and momentum turbulent transport: The 
Reynolds analogy states that there exists a similarity 
between heat and momentum transfer for passive 
turbulent transport. By introducing the eddy 
viscosity 𝜈𝑡, the Reynolds shear stress can be 
expressed as a function of the mean velocity 
gradients such as 
−𝑢′𝑣′̅̅ ̅̅ ̅ = 𝜈𝑡
𝜕?̅?
𝜕𝑦
   (1) 
 
8th ICCHMT, Istanbul, 25-28 May 2015 
   
 
The same approach can be applied for the turbulent 
heat flux 
−𝑣′𝑇′̅̅ ̅̅ ̅ = 𝑎𝑡
𝜕?̅?
𝜕𝑦
   (2) 
 
where the turbulent heat flux can be expressed as a 
function of the mean temperature gradients through 










    (3) 
 
is introduced to measure the relative differences 
between the momentum and heat transfer by 
turbulence so that the turbulent heat flux can now be 
expressed as a function of the eddy viscosity and the 
turbulent Prandtl number 
 





   (4) 
 
This approach provides a simple model able to solve 
the averaged momentum and heat equations based on 
two parameters: the eddy viscosity and the turbulent 
Prandtl number. Fig. 6 shows the turbulent Prandtl 
number distribution as a function of the normalized 
wall distance for the different flow conditions. In 
RANS simulation, temperature is typically modeled 
using the gradient diffusion model (GFM), which, in 
our case, reduces to the above equation (4) with a 
constant Pr𝑡 in the range 0.7 to 0.9. Fig. 6 confirms 
that the GFM is valid for passive scalar transport. 
However, the approximation experiences a dramatic 
breakdown for any Richardson number. Under 
buoyancy effects, the turbulent Prandtl number is not 
constant anymore and decreases as we move further 
from the wall. Negative values are observed in the 
central channel region where the temperature 
gradients become negative. Depending on the relative 
importance of the buoyant effects, the shape of the 
turbulent Prandtl number distribution over the wall-
normal direction can be quite different. For low 
Richardson number, the distributions are almost 
linear for both Reynolds numbers. However, when 
buoyant effects increase, the linear behavior remains 
valid in the vicinity of the wall but rapidly vanishes 
as we move further from the wall. Furthermore, the 
turbulent Prandtl number converges towards a 
constant value in the channel center region under 
large unstable stratification effects whereas it still 
decreases for low Richardson numbers. This means 
that, under large buoyant effects, the discrepancy 
between the Reynolds shear stress and the turbulent 
heat flux is more significant in the near-wall region 
but rapidly decreases in the channel center region so 
that the turbulence has a similar effect on both 
momentum and heat transfer. Another important 
observation is that the turbulent Prandtl number 
shows a dependency on the Reynolds number. 
Although the shape of the curves are similar for the 
two Re, the slope of the linear part is larger for the 





Turbulent Prandtl number.  
Same colour labels as in Fig. 2. 
 
Reynolds shear stress production and 
dissipation: The transport equations for both the 
Reynolds shear stress and turbulent heat flux are 
investigated in order to identify the changes in 
production and dissipation mechanisms due to 
buoyancy. The transport equation for the Reynolds 
shear stress can be written as 
 
0 =
D 𝑢′+𝑣′+̅̅ ̅̅ ̅̅ ̅̅ ̅
D𝑡
= ΠS + 𝑃𝑆 + 𝜀𝑆     (5) 
 
where ΠS is the transport of Reynolds shear stress 
due to viscous, turbulent and pressure diffusion 
phenomena, 𝑃𝑆 is the production of Reynolds shear 
stress due to both shear and buoyancy and 𝜀 is the 
dissipation of the Reynolds shear stress by 
pressure strain and viscous effects. Fig. 7 shows the 
difference between production 𝑃𝑆 and dissipation 
𝜀𝑆 along the normalized wall-normal direction for 
the passive and the low Richardson number cases. 
Although buoyancy generates additional Reynolds 
shear stress, a loss of shear production and an 
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enhanced pressure strain mechanism (not shown) 
leads to an increase of dissipation in the near-wall 
region. This additional dissipation remains 
significant over a large region, which is associated to 
the local mean velocity increase, for the low Ri case. 
However, combined pressure strain and viscous 
dissipation are not strong enough to overcome the 
additional buoyant production in the channel center 
region. As a consequence, the global production 
increases in this region compared to the passive 
case. This additional production is responsible for 





Budget of production and dissipation of the Reynolds 
shear stress 𝑃𝑆 + 𝜀𝑆. Same colour labels as in Fig. 2. 
 
CONCLUSIONS 
Direct numerical simulations of turbulent channel 
flow under unstable stratification are performed for 
different Reynolds and Richardson numbers. The 
examination of the buoyant effects on the turbulence 
properties leads to the following conclusions: 
1. Both friction coefficient and Nusselt number 
increase under unstable stratification for a 
sufficiently large Richardson number. At low 
Richardson number, the friction coefficient can 
either increase or decrease depending on the 
Reynolds number. 
2. The mean velocity and temperature profiles both 
tend to level off as buoyancy becomes important. 
However, the profiles can locally increase at low 
Reynolds and Richardson number. 
3. The local increase (respectively decrease) of 
mean velocity and temperature profiles is 
associated with a decrease (respectively increase) 
of the Reynolds shear stress and turbulent heat 
flux. 
4. The turbulent Prandtl number decreases along 
the wall-normal direction under unstable 
stratification. The decrease is linear for low 
buoyant effects while the linearity is no longer 
observed at large Richardson number. These 
observations demonstrate the breakdown of the 
Reynolds analogy in mixed convection. 
5. The dissipation of the Reynold shear stress by 
the pressure-strain mechanism is enhanced by 
buoyancy in the near-wall region. However, this 
same mechanism becomes less dominant as we 
move further from the wall such that the 
Reynolds shear stress production becomes 
important. The production and dissipation 
mechanisms are also subject to a Reynolds 
number dependency as they result from a new 
equilibrium between buoyancy, inertia and 
viscous effects. 
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